Abstract. Dynamic characterization of self-induced beating sinusoidal wave (BSW) oscillations and related phenomena, which were previously explored in a thin-slice dualpolarization solid-state laser operating in the regime of incomplete mode-locking of orthogonally polarized transverse eigenmodes, namely, a quasi-locked state [Laser Physics Letters, 15 (2018) 075001], is performed in terms of the amplitude correlation coefficient and intensity circulation among various orthogonally polarized mode pairs. Polarization-dependent symmetry-breaking featuring a nonreciprocal intensity flow for different orthogonally polarized mode pairs operating in the BSW state are found. The singular state is hidden in a nonlinear system where a perfect mode-locked BSW state with a large amplitude correlation coefficient featuring reciprocal intensity flow is established for a transverse mode pair possessing particular polarization directions that are related to the intensity ratio of orthogonally polarized transverse eigenmodes. Self-organized chaos synchronization is shown to take place for such a singular transverse mode pair subjected to self-mixing modulations.
Introduction
Coherent coupling and locking of different transverse modes (namely, transverse mode locking) have been studied in gas lasers [1] , semiconductor lasers [2] [3] [4] , quantum-cascade lasers [5] , and solid-state lasers [6, 7] . In addition, laser operation with two orthogonally polarized transverse modes has been studied in the past decade [8, 9] On the other hand, spontaneous transverse mode locking among different eigenmodes of stable laser resonators, including Hermite-Gauss (HG), Laguerre-Gauss (LG) and Ince-Gauss (IG) transverse modes, has been investigated in thin-slice solid-state lasers (namely, TS 3 Ls) with coated end mirrors. The mode locking results from actuated saturation-type  (3) nonlinearities, i.e., lasing-intensitydependent refractive index changes, inherent to TS 3 Ls whose lasing frequency is detuned from the gain peak [10, 11] . Most recently, self-induced beating sinusoidal wave (BSW) oscillations have been observed in quasi-locked states of a thin-slice c-cut Nd:GdVO 4 laser with two orthogonally polarized modes, featuring an extremely small mode-splitting and associated modal beat notes [12] .
This paper reports a detailed study of BSW oscillations, paying special attention to the relationship between puzzling small mode-splitting and beat notes as well dynamical characterization of different orthogonally polarized transverse mode pairs in terms of intensity circulation among transverse modes. The observable dynamic quantity of the intensity circulations, which is useful for characterizing complex systems with large degrees of freedom [13, 14] , revealed non-reciprocity in the intensity flow (i.e., symmetry breaking) among interacting orthogonal transverse modes in quasi-locked states. The hidden dynamics in quasi-locked states are elucidated through an intensity circulation analysis, and the effect of small mode-splitting together with associated four-wave mixing is attributed to BSW oscillations in quasi-locked states. Such non-reciprocity is found to disappear for a particular pair of transverse modes, whose polarization directions,  c , are determined by the intensity ratio of orthogonally polarized transverse eigenmodes, and synchronized BSW oscillations are shown to feature reciprocal intensity flows among such singular pairs of transverse modes polarized along  c . A self-mixing laser Doppler modulation experiment was conducted that confirmed self-organized chaos synchronizations at this singular point.
Overview of beating sinusoidal-wave oscillations
Before discussing the dynamical characterization of the nonlinear dynamics of a dual-polarization laser, let us review the main point of beating sinusoidal wave (BSW) oscillations in light of new experimental results found by using a thin-slice c-cut Nd:GdVO 4 laser operating in orthogonally polarized transverse modes.
Stationary characteristics of dual-polarization oscillations.
The experimental setup is shown in Figure 1(a) . A nearly collimated lasing beam from a laser diode (wavelength: 808 nm) was passed through an anamorphic prism pair to transform an elliptical beam into a circular one, and it was focused onto a thin-slice laser crystal by a microscopic objective lens of numerical aperture NA = 0.5. The laser crystal was a 3 mm-diameter clear-aperture, 1 mm-thick, 3 at%-doped c-cut Nd:GdVO 4 whose end surfaces were directly coated with dielectric mirrors M 1 (transmission at 808 nm > 95%; reflectance at 1064 nm = 99.8%) and M 2 (reflectance at 1064 nm = 99%) and whose Fresnel number was 4× 10 4 . Lasing patterns were observed with a PbS phototube followed by a TV monitor and an intensity profiler. Lasing optical spectra were measured by a multiwavelength meter (HP-86120B; wavelength range, 700-1650 nm) for obtaining global views and a scanning Fabry-Perot interferometer (SFPI) (Burleigh SA PLUS ; 2 GHz free spectral range; 6.6 MHz resolution) for measuring detailed structures. In the case of TS 3 Ls and monolithic microchip solidstate lasers [11, 15, 16] , the input-output characteristics and the transverse and longitudinal mode oscillation properties depend on the focusing condition of the pump beam on the crystal due to the mode-matching between the pump and lasing mode profiles. In the present experiment, the pumpbeam diameter was changed by shifting the laser crystal along the z-axis, as depicted in Figure 1 When the laser crystal was adjusted to the pump-beam focus position, i.e. z = 0, a TEM 00 mode oscillation was achieved at the lowest threshold pump power, P th = 30 mW, with the highest slope efficiency,  = 50%, where the pump and lasing spot sizes were measured to be w p = 15 m and w o = 32 m, respectively. Here, the z-dependent pump and near-field lasing spot sizes were measured with the aid of a laser beam profiler (Coherent, Beam Master 3Si). w p increased as the laser crystal was shifted away from the pump-beam focus along the z-axis (i.e., z > 0) and P th was increased. When w p exceeded about 80 m, dual-polarization oscillations (DPOs) were observed, starting from TEM 00 at the threshold and leading to various transverse modes. When the pump position was precisely changed by moving the laser sample along the x-axis or y-axis with an accuracy of 10 m and a small tilt of the 1-mm-thick cavity of | | ≤ 1.5 o was made with an accuracy of 0.3 o as depicted in the inset, several transverse modes appeared at fixed w p . These modes within the pumped region reflected the roughness of the polished surface [11] and the effect of 'tilted' wide-aperture pumping on the radial saturated inversion population distribution along the thickness direction of the 1-mm-thick crystal, resulting in oblique gain guiding against the lasing axis [17] .
The input-output characteristics and the corresponding DPO modal structural changes are shown in Figure 1 (b) versus the pump power. Here, w p = 80 m, and the first lasing mode, i.e. the preceding mode, starts from TEM 00 at a threshold pump power of P th = 92 mW, leading to an Ince-Gauss mode, IG e 2,2 , while second lasing mode HG 0,0 appears with increasing pump power, and simultaneous oscillation of these two orthogonally polarized modes takes place at P ≥ 160 mW. Upon further increase of the pump power, the IG e 2,2 mode makes a structural change to a 'doughnut' mode, while the HG 0,0 mode remains the orthogonally polarized partner. Here, the transverse spatial hole-burning effect was such that the second lasing mode had less transverse cross-saturation of the population inversions against the preceding mode [11] . The DPO shown in Figure 1 , and the lower frequency relaxation noise peak, f 2 , which reflects the cross-saturation dynamics of the population inversions of the interacting orthogonally polarized transverse modes. Here, two InGaAs photodetectors (New Focus 1611; 3-dB bandwidth: 30 kHz-1 GHz) and a digital oscilloscope (Tektronics TDS 3052; bandwidth: 500 MHz) were used. The AC-coupled output voltages from the photodetectors shown in Figure 3 (a) are proportional to the lasing output intensity fluctuations. The observation time in the whole experiment described below was 100 s for 10 5 data. The detailed optical spectra corresponding to the orthogonally polarized IG e 2,2 -HG 0,0 mode operations in Figure 2 (a), as measured by the SFPI, are shown in Figure 3 (c). Apart from the complete transverse mode locking of the orthogonally polarized modes, peculiar, strongly asymmetric optical mode spectra, each consisting of dominant peaks, E 1 , E 2 , at optical frequencies,  1 ,  2 , and weak subsidiary peaks, E 3 , E 4 , at  3 ,  4 appear for the orthogonally polarized IG e 2,2 and HG 0,0 modes, as shown in of Figure 3 (c). Here, oscillation frequency detuning on the order of  =  1 - 2 ≅ 400 MHz, which is much smaller than the difference between the 'cold-cavity' resonance frequencies of the IG e 2,2 and HG 0,0 modes (on the order of several GHz) estimated from their combined mode numbers [11] , remains between the orthogonally polarized transverse eigenmodes of the TS 3 L cavity. In short, lasing frequencies,  1 and  2 , are shifted from cold-cavity resonance frequencies of IG e 2,2 and HG 0,0 modes, respectively, due to the effect of transverse-mode locking. On the other hand, the small peak E 3 is excited at  3 (≅  2 ) in the subsidiary region of the IG e 2,2 modal field, as indicated by the arrow. Accordingly, the other weak field E 4 is considered to be excited at  4 through the four-wave mixing process due to the inherent  (3) laser nonlinearity satisfying
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with the phase-matching condition of k 4 = k 1 + k 2 -k 3 , where k is the corresponding momentum of  I [12] . Because of the anomalous dispersion effect around   , which is detuned from the gain peak, the scattered field E 4 is considered to be pushed slightly out toward the higher frequency side in the case of Figure 3 (c) [19, 20] . As a result, the frequency difference between the peaks,  A =  1 - 3 and  B =  4 - 2 , become slightly different by f b =  B - A for orthogonally polarized fields. In other words, the observed orthogonally polarized transverse modes are not independent, and they form partially coherent fields, namely, a quasi-locked state, through mutual nonlinear interaction of closely spaced IG e 2,2 and HG 0,0 modes [5, 12] . [12] . The beating frequency f b determined by the mode-splitting of f A and f B fluctuates over time even at a fixed pump power. A histogram of the fundamental E 3 -mode splitting frequencies,  A , is shown in Figure  3(f) .
The physical mechanism behind the extremely small splitting of  A and the associated   -splitting less than 1 MHz is still a puzzling subject despite that the BSW oscillations could be interpreted in terms of the combined effect of such a mode-splitting and the associated four-wave mixing. Further discussion on this subject is presented in 3.3.
Essentially the same phenomena were observed for the orthogonally polarized TEM 0,1 * and HG 0,0 modes when the pump power was increased.
Dynamical characterization of polarization-dependent modal interactions
This section shows the polarization-dependent power spectra and modal interactions among different pairs of orthogonally polarized fields, which were examined for orthogonally polarized pairs of IG 
Measurement of polarization-dependent power spectra of BSW oscillations and intensity
probability distributions Polarization-dependent dynamics, which give a foundation for investigating nonlinear interactions between various pairs of orthogonally polarized transverse modes, were measured for the orthogonally polarized IG e 2,2 -HG 0,0 mode operations in Figure 2(a) . Figures 4(a) shows the polarization-dependent power spectral intensity, I RO (), at the intrinsic relaxation oscillation frequency, f 1 , and the lower frequency relaxation noise peak, f 2 , in Figure 3 Figure  4 (c). Here, the critical angles are given by  c ≅ arctan(±1/r) when subsidiary peaks are much smaller compared with the dominant peaks, i.e., E 3 ≪ E 1 and E 4 ≪ E 2 , where r = (I 2 /I 1 ) 1/2 is the field amplitude ratio of DPO eigenmodes in Figure 1(b) , where the field components of the orthogonally polarized eigenmodes along  c coincide and the effective modal gain for one mode coincides with that of the other mode [12] . The critical polarization state, at which f 2 -noise vanishes and such a pair of transverse modes behaves just like a single mode laser through coherent field coupling among modes, is referred to as the "vanishing polarization state" hereafter. In the absence of coherent modal field coupling, on the other hand, antiphase dynamics arise featuring f 2 noise even if a pair of modes possesses the equal gain [22, 23] . Figure 4(d) shows histograms of intensity fluctuations for different polarization directions,   . A peculiar non-Gaussian 'witches hat' type of distribution that corresponds to the BSW oscillations of the IG e 2,2 mode at  = 0 o gradually changes into the Gaussian intensity distribution of the HG 0,0 mode as the polarizer angle approaches  = 90 o [12] . The generic properties of this state will be discussed in the following sections in connection to the intensity circulation.
Intensity circulation analysis of orthogonally polarized modes
To identify the nonlinear interaction among different orthogonally polarized mode pairs, let us introduce the dynamic quantity of intensity circulation and examine their dynamic independence.
Here, the observable dynamic quantity of intensity circulation is defined as [13, 14] :
I i,j > 0 (< 0) implies an intensity flow from mode i (j) to mode j (i). The experimental scheme for accurate simultaneous measurement of two interacting orthogonally polarized modes is indicated by the dashed line in the lower part of Figure 1(a) . To ensure accuracy, the total output beam in the BSW oscillations was divided into two beams having equal intensity and focused onto individual InGaAs photo-detectors with the polarizers being removed. Here, the distances to the two photo-detectors and the lengths of cable to the input channels of the digital oscilloscope were adjusted to be the same; in addition, the delay time difference between the two input channels was kept within the sampling period of 1 ns on the basis of the phase difference between the two BSW waveforms. This is because the intensity circulation critically depends on the relative phase difference of the BSW oscillations for the interacting orthogonal transverse modes.
Each beam was then passed through a polarizer and intensity circulation analysis was carried out on several pairs of orthogonally polarized transverse modes. The normalized probability distributions of the intensity circulation I 1,2 (t) for different pairs are shown in Figures 4(e) , where nonreciprocal intensity flows representing the symmetry breaking are formed in quasi-locked states except for the orthogonally polarized IG e 2,2 and HG 0,0 eigenmode pair at = 0 o which exhibits reciprocal intensity flow. An example of I 1,2 (t) for = 22.5 o is shown in Figure 5 (f), where periodic bursting occurs at the beating frequency, f b . The average intensity circulation, <I 1,2 >, in the figure increases with increasing  toward  ≅45 o . On the other hand, the relative phase difference among a pair of BSWs for orthogonally polarized modes was verified to arise and increase with increasing  toward ≅45 o . Therefore, the non-reciprocity can be attributed to such a nonlinear 'built-in' phase difference reflecting the failure of the complete transverse mode locking.
The amplitude correlation coefficient,
1/2 is plotted as a function of the rotation angle, , in Figure 5 (g). The amplitude correlation coefficient, R(), is low for the orthogonally polarized IG . This is reasonable because individual output intensities of the pair of orthogonally polarized modes approach similar BSW waveforms with a 'witches hat' type of probability distribution (Figure 4(d) ) as  approaches ≅45 o . In the case of complete transverse mode-locking of odd-and even IG modes, on the contrary, the reciprocal intensity flow between noise-driven relaxation oscillations with R≅ 1, is established for any pair of interacting transverse modes with different polarizations [10] .
Essentially the same nonlinear dynamics were observed for a pair of orthogonally polarized TEM 0,1 and HG 0,0 modes when the pump power P ≥ 190 mW (Figure 2(b) ).
Physical significance of intensity circulations
The intensity circulation analysis demonstrated so far is useful for dynamic characterization of coupled degrees of freedom in complex systems, which are generally similar to gain circulations in multimode lasers [13] . Furthermore, power spectral analyses of the intensity circulations can reveal hidden dynamics embedded in the complex system.
Here, a power spectral analysis is performed, paying special attention to the mechanism of BSW oscillations: mode-splitting mediated four-wave mixing and modal beating in quasi-locked states. The results, which correspond to the BSW oscillations summarized in Figure 3 , are shown in Figure 5 . In the low-frequency domain around the relaxation oscillation frequency, a strong peak corresponding to the beat frequency, f b , which cannot been recognized in the power spectra of the BSW oscillations themselves, is manifested in Figure 5(a) . In the high-frequency domain around  A and  B , peculiar f b sidebands appear besides the split peaks separated by f A =     and f B =     as indicated by the arrows in Figure 5(b) .
Let us discuss the physical origin of these peculiar f b sidebands. The beating frequencies are given by f b,1 =  B,1 - A,1 , f b,2 =  B,2 - A,2 , and the resultant BSW oscillations occur at f b =|f A -f B |, as described in section 2.2. This strongly implies that the split fields, E 3,1 (E 3,2 ) and E 4,1 (E 4,2 ), are coupled coherently to produce a beat note at f b,1 (f b,2 ), assuming a four-wave mixing process wherein E 4,1 is created from E 1 , E 2, and E 3,1 , while E 4,2 is created from E 1 , E 2, and E 3,2 ( Figure 5(c)) . Similarly, the peculiar f b sidebands are such that they appear inside or outside of the beat signals separated  A,2 and  B,2 , as indicated by the arrows in Figure 5 
Vanishing antiphase dynamics
In this section, nonlinear dynamics of a pair of transverse modes polarized along the directions,  c , are examinedfeaturing the intensity circulation and amplitude correlation between these particular transverse modes, in BSW as well as chaotic oscillations.
Synchronized BSW oscillations
Simultaneous measurements of two output signals polarized along  c were carried out using the same scheme as described in section 2.2. The results for IG It is apparent that the reciprocal intensity flows are recovered for vanishing polarization states; i.e., symmetry breaking recovers for orthogonally polarized mode pairs shown in Figures 4(e) . In short, the two modes polarized along ± c behave like an "all-in-one" coherent mode whose output power spectrum exhibits a single relaxation-oscillation frequency peak at f 1 . 
Self-organized chaos synchronization with self-mixing modulations
Synchronization phenomena of chaotic oscillators [24] are encountered in physical, chemical, and biological systems, and in laser systems. In laser physics, a variety of chaos synchronizations have been reported in coherently coupled solid-state lasers [25, 26] and semiconductor lasers [27, 28] . Here, a self-mixing modulation experiment [26] employing an extremely sensitive laser Doppler feedback scheme with thin-slice solid-state lasers having a large fluorescence-to-photon lifetime ratio [29] [30] [31] was carried out to investigate chaos synchronizations in the quasi-locked states involving orthogonally polarized transverse modes, paying special attention to the generic nature of the vanishing polarization states against external perturbations.
Part (50%) of the output beam was focused onto a rotating Al-cylinder with rough surfaces, as depicted in Figure 1(a) , and the rest of the beam was divided into two beams for simultaneous measurement of the two signals in vanishing polarization states. When the Doppler-shift frequency, f D = 2v/(v: moving speed along the laser axis), was tuned around the relaxation oscillation frequency, i.e., f D ~ f 1 , chaotic relaxation oscillations were easily brought about, while BSW oscillations at f B occurring without modulations were suppressed. In short, the power spectral analysis, where sinusoidal oscillations at the beating frequency at f b =  B - A superimposed on the chaotic waveforms were very rarely observed, indicates that the mode-splitting of  A and  B , as in Figure  3 (c), was strongly disturbed by the large-amplitude chaotic fluctuations in intensity. Figures 7(a) and (b) (indicated by the arrows). When  was shifted slightly from  c , on the other hand, chaos synchronization was readily suppressed. If we look at the modal outputs for a pair of transverse eigenmodes, i.e., IG e 2,2 and HG 0,0 , in the chaotic regime, chaos synchronizations failed and inherent antiphase pulsations took place instead, as indicated by the arrows in Fig. 7(c) , where R = 0.188.
Finally, it should be noted that the high degree of chaos synchronization was established between transverse modes polarized along ±  c directions when one mode was subjected to self-mixing modulation, where part of the polarized output along + c (or - c ) in the simultaneous measurement scheme in Figure 1(a) was focused on the rotating cylinder. An example is shown in Figure 7(d) . This sender-receiver type of synchronization shows potential for a secure metrology system, where a selfmixing signal created by the output beam toward a target [30] , which is polarized along ± c , can be accurately retrieved solely by the output beam polarized along ∓ c .
Summary
Dynamical characterization of quasi-locked states among orthogonally polarized transverse modes in a thin-slice c-cut isotropic Nd:GdVO 4 polarization vector laser were carried out, focusing on nonlinear dynamics of "vanishing polarization states" formed from a pair of transverse modes polarized along well-defined directions determined by the intensity ratio of orthogonally polarized eigenmodes of the cavity. The pair of transverse modes in the vanishing polarization states, which act as a single-mode laser free from the transverse cross-saturation of population inversions among eigenmodes, behaves as if it is in all-in-one coherent mode. The vanishing polarization states were found to show synchronized beating sinusoidal oscillations as well as self-organized chaos synchronizations.
